I. INTRODUCTION
Over the past few years, the dynamics and equilibrium conditions of a pure electron plasma in a Penning-Malmberg trap have been the subject of experimental, analytical and numerical investigations ͑see, e.g., Refs. 1-7͒. The interest in such plasmas, besides their applications in many fields, stems from the fact that they exhibit a unique property in plasma systems, i.e., their thermodynamic equilibrium state is compatible with confinement. Thus an electron plasma in a Penning-Malmberg trap can evolve towards its thermal equilibrium state while being confined. In addition, their evolution is essentially nondissipative over a long time scale, owing to the smallness of the electron-electron collision frequency with respect to the dynamical frequencies of the system. Appropriate diagnostics make it possible to monitor the main characteristics of the system during its evolution.
The confinement property of a Penning-Malmberg trap is based on the cylindrical symmetry of the configuration. A strong uniform magnetic field provides the Lorentz force for radial confinement of the plasma, while the axial confinement is provided by cylindrical end plugs raised to a suitable ͑negative͒ potential. The versatility of this system makes it appropriate for small scale facilities for basic plasma studies 8 and as a core component in large scale experiments. 9, 10 In a Penning-Malmberg trap the electrons rotate in the plane perpendicular to the magnetic field lines due to the combined effect of the external magnetic field and of the radial electric field produced by their uncompensated electric charge and bounce back and forth along the magnetic field lines, being confined at the two ends of the trap by the externally applied electrostatic field. In a large range of operational regimes, the bounce averaged motion of electrons is much faster than the electron rotation frequency in the perpendicular plane. In such a case the bounce averaged electron motion becomes essentially independent of the axial bounce length. In this limit the plasma dynamics becomes isomorphic to that of a two-dimensional ͑2D͒ incompressible inviscid fluid, where the fluid vorticity corresponds to the electron density and the fluid stream function to the plasma electrostatic potential. 11, 12 ,2 A few remarks should be made on the relationship between the dynamics of a pure electron plasma and that of an incompressible inviscid fluid.
͑i͒ In a pure electron plasma the vorticity has a definite sign in the whole system, due to the positiveness of the density. If its dynamics is described as vortex dynamics, only vortices with the same sign are present, thus excluding a class of interactions in the evolution of the system. However, it is sometimes convenient to introduce the notion of vortices of a different sign ͑in a rotating frame͒ when speaking of a local density depression or a density hole. 13 ͑ii͒ Conducting metal walls give free slip conditions at the ͑circular͒ boundary; this makes the electron plasma system inviscid in its whole domain. This condition cannot be met in ordinary fluids.
͑iii͒ The isomorphism neglects effects arising in a pure electron plasma from the finite length of the confinement system, finite gyroradius effects, 14, 15 long time viscous effects and small spatial scale effects. 16, 17 A modified model has been recently proposed in order to account for the radial variation of the equilibrium length of the system. 18 Here we neglect all these effects and focus our attention on a new numerical approach that addresses the dynamics of a pure electron plasma in the limit where it is isomorphic to a 2D inviscid fluid. In passing, we mention that this description has been used successfully to explain the observed formation of vortex crystals starting from a turbulent state.
Recently, the motion of positive vortices ͑density clumps͒ and of negative vortices ͑density holes͒ in an inhomogeneous pure electron plasma has been investigated in Ref. 20 within the framework of such a two-dimensional description. The inhomogeneity of the background plasma density corresponds, in the two-dimensional fluid analog, to an inhomogeneous background vorticity field. The case of point vortices has been considered analytically and it has been shown that in the presence of a vorticity gradient a point vortex either climbs towards the higher vorticity ͑den-sity͒ region or moves towards the lower vorticity ͑density͒ region. Clump vortices ͑which correspond to local density enhancements͒ climb the vorticity gradient while hole vortices ͑which correspond to local density depressions͒ descend the vorticity gradient. This motion is a consequence of the conservation of the total canonical angular momentum of the configuration and corresponds to a transfer of angular momentum between the point vortices and the background plasma. The change in the angular momentum of the background plasma is brought about by a redistribution of the background density caused by the presence of the point vortices. This behavior has been verified in Ref. 20 by means of vortex in cell ͑VIC͒ numerical simulations of the motion of a clump and of a hole, both sharply localized in space, in an azimuthally symmetric background with a vorticity maximum at the center.
Experiments showing the formation and the prograde motion of long-lived, extended density holes in an initially hollow plasma column are reported in Ref. 13 . More recently, experimental observations relevant to the analysis developed in Ref. 20 , have been reported in Ref. 21 , where accelerated merging of discrete vortices immersed in a broad vorticity background has been also observed.
In the present paper we address the problem of the inward propagation of extended clump vortices ͑local density enhancements͒ in an azimuthally symmetric inhomogeneous density ͑vorticity͒ background, peaked at the center. The dynamics of the extended clump vortices is analyzed by means of a newly developed ͑fluid͒ code that integrates the ͑guiding center͒ electron equations in the perpendicular plane with an Eulerian scheme. This code has been written in such a way as to conserve the topological invariants that constrain the two-dimensional plasma motion with high accuracy. A suitable filtering of the small spatial scales ͑of the order of the grid cell size͒ has been included, which is capable of ensuring numerical stability, while not altering the requested conservation properties significantly.
As expected in the case of extended vortices, we find that the clumps are strongly stretched as they propagate in the background inhomogeneous density. As they propagate inward, the clumps cut spiral grooves of density ͑vorticity͒ modulations. These modulations arise from the fact that lower density ͑vorticity͒ regions are transported inward, together with the higher density ͑vorticity͒ clump along its inward spiralling motion. This inward transport of lower density regions is a consequence of the conservation properties of the equations governing the dynamics perpendicular to the magnetic field of a pure electron plasma which has the same conservations of the equations governing a twodimensional inviscid fluid. As discussed later in Sec. II, these equations are Hamiltonian and conserve, besides the plasma energy and canonical angular momentum, an infinite set of topological invariants that express the condition that the vorticity is frozen in the fluid motion. In the case of smooth flows, these conservations make reconnection of vorticity lines impossible and thus forbid the clump from crossing vorticity ͑i.e., density͒ lines.
In the case of small but finite dissipation, vorticity reconnection can occur at small spatial scales in the neighborhood of ''critical points'' and of ''critical lines.'' A critical point is given by the X point of the vorticity separatrix between the peak of the background density and the peak corresponding to the moving clump. A structure with properties close to those of a critical line is formed at the bottom of the vorticity groove cut by the inward propagating clump, as shown in Sec. IV. As the clump propagates, the plasma stretching due to the background differential rotation brings the two sides of the groove closer, pushing vorticity ͑density͒ lines with opposite sign of the vorticity ͑density͒ gradient against each other. This configuration resembles those considered in the case of the forced magnetic field line reconnection in the well-known Sweet-Parker model 22 or in the case of spontaneous reconnection along a neutral line, 23 and are subject to a local redistribution of the vorticity field. 24 As a result, we find that the inward moving high and low density regions develop into an ͑asymmetric͒ ''dipole''-like structure ͑where the polarities in the ''dipole'' refer to the higher and to the lower density regions respectively͒.
Such a localized violation of the topological conservations may arise in our numerical simulation from small dissipation effects due to finite resolution and/or to the filter we have introduced at small scales. Coarse graining, as discussed in Refs. 19, 25, and 26, can also lead to vorticity reconnection, in which case the resulting structures must be interpreted as a spatial average over a highly filamented, not fully resolved region. Real physical effects can also cause vorticity reconnection. In the highly nondissipative system considered here, they can arise at spatial scales below the zero order guiding center approximation or can be due to the coupling between the electron motion perpendicular and parallel to the magnetic field lines, as mentioned before.
When two or more clump vortices propagate towards the center of the inhomogeneous plasma column, they are brought together and thus their mutual interaction increases, as evidenced by the accelerated vortex merging observed in Ref. 21 . In the case of two and of three clumps we find that, after an initial phase during which they propagate inward independently, the clump mutual interaction leads to a strong density ͑vorticity͒ redistribution. Long-lived configurations are formed which involve density ͑vorticity͒ holes. These holes originate from the lower density regions brought inward by the clumps during their initial propagation phase. This paper is organized as follows: in Sec. II the equations governing the bounce averaged motion of a pure electron plasma in a Penning-Malmberg trap are briefly derived and in Sec. III the properties of the numerical integration scheme employed are discussed. The numerical results of the propagation of a single extended clump in an inhomoge-neous background are presented and discussed in Sec. IV. The conservation laws are shown to be satisfied with very good accuracy and their small violation is correlated in time to the vorticity reconnection event leading to the formation of the dipolelike structures. The results on the interaction of two and of three clumps are discussed in Sec. V and conclusions are drawn in Sec. VI.
II. BASIC EQUATIONS
In low density pure electron plasmas confined in Penning-Malmberg traps 2 the characteristic plasma rotation frequency r is much larger than the electron-electron collision frequency and much smaller than the plasma fre-
where c is the electron cyclotron frequency in the externally applied magnetic field. In addition, the characteristic rotation velocity, v ϭr r is much smaller than the velocity of light c,
Here d e ϭc/ p is the electron skin depth and r p is the radius of the plasma column. In this regime we can adopt a purely electrostatic description of the plasma dynamics, with the electric field given by EϭϪٌ⌽, and describe the motion of the particle gyrocenters in terms of the particle drift equations. To leading order in the ratio ( r / c ) 2 , and assuming the externally imposed magnetic field to be spatially homogeneous, the gyrocenter motion is simply given by
where b is the unit vector in the direction of the magnetic field. Then, neglecting temperature effects in the perpendicular plane the gyroaveraged Vlasov equation reduces to the drift kinetic equation,
where FϭF(R,,V ʈ ,t) is the distribution function of the guiding centers and is the magnetic moment.
The ratio between the characteristic time of the parallel dynamics and the rotation period is measured by
where b Ϸv the /2L is the bounce frequency of the electrons along the magnetic field lines, v the is their thermal speed and L is the trap length. If the ''rigidity parameter'' b / r is large, electrons bounce back and forth many times before completing an azimuthal rotation and the plasma response, on the rotation time scale, is determined by the bounce averaged kinetic equation. Then, Eq. ͑4͒ reduces to
where all quantities are now bounce averaged, and depend on time and on the coordinates perpendicular to the magnetic field only. Quasi-two-dimensional effects due to the variation of the equilibrium plasma length ͑see Ref. 18͒ are neglected in Eq. ͑7͒. Integration of Eq. ͑7͒ over reduces simply F to the particle density n e . Equation ͑7͒ is Hamiltonian and expresses the fact that the electron distribution density is a Lagrangian invariant, i.e., it is constant along the ͑nonlinear͒ characteristics given by the EÃB drift. In the 2D incompressible inviscid fluid analog this corresponds to the fact that the vorticity is a Lagrangian invariant. The electron density evolution described by Eq. ͑7͒ is constrained by an infinite number of constants of motion, known as Casimirs, which correspond to the conservation of the spatial integral over the full plasma domain of any arbitrary ͑smooth͒ function of the Lagrangian invariant density. These Casimirs have a topological meaning and are conserved in addition to the standard dynamical constants of motion, i.e., for the case under consideration, in addition to the plasma total energy and canonical angular momentum. In particular the plasma enstrophy corresponds to the quadratic invariant ͐r dr d n e 2 . ͑A description of the noncanonical Hamiltonian formalism involved, and of its connection to the Casimir invariants, can be found, e.g., in Refs. 27 and 28, and, more recently, in Ref. 29 .͒
In the absence of dissipation, such Hamiltonian equations with an infinite number of constraints are known ͑see, e.g., Ref. 26͒ to develop increasingly smaller scales during their nonlinear evolution. In the case of pure electron plasmas this corresponds to the formation of increasingly thinner density filaments ͑or density ''valleys''͒. An analogous phenomenon occurs in the case of spontaneous magnetic field line reconnection in a two-dimensional neutral collisionless plasma configuration.
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III. NUMERICAL CODE
In order to solve Eq. ͑7͒ we have developed a code that solves the drift-kinetic equations in a two-dimensional cylindrical geometry for a uniform magnetic field at zeroth order in the guiding center approximation. Writing the EÃB drift velocity in terms of the electric potential ⌽, Eq. ͑7͒ together with Poisson's equation can be written as
where polar coordinates (r,) are used. The boundary condition for the potential is given at the wall of a circular container ͑this corresponds to a free-slip boundary condition in the fluid analog͒. These equations are discretized on a twodimensional polar grid (r i , j ), with r i ϭi•dr (i ϭ0, . . . ,n r ;drϭ1/n r ) and ϭ2 j•d ( jϭ0, . . . ,n ;d ϭ1/n ). In Eqs. ͑8͒ and ͑9͒, the radial coordinate r is normalized over the radius R of the outer circular conductor, the density, n e , over a characteristic density, n e , the potential, ⌽, over 4en e R 2 and the time, t, over c / p 2 , with p the electron plasma frequency computed with the characteristic density n e . In the following, in order to estimate a characteristic rotation frequency for inhomogeneous configurations, we will use the averaged value of the rotation frequency r ͗ r ͘ϵ 
. ,n . ͑15͒
A standard FFT technique is used for the computation of the derivatives in the azimuthal angle, while for the radial derivatives a three-point combined compact difference scheme is employed. 32 As mentioned in Sec. II, Eqs. ͑8͒ and ͑9͒ develop increasingly smaller scales as they evolve nonlinearly. Vortex in cell integration of the electron density evolution resolves this small scale formation automatically by introducing an intrinsic effective ''coarse graining.'' This causes a nonconservation of the Casimirs ͑with the exception of the linear invariant ͐r dr d n e which corresponds to the conservation of the total number of electrons in the plasma͒. In Ref. 19 this procedure is considered to represent well the real coarse graining that is implicit in an experimental plasma density measurement.
On the contrary, when our ''Eulerian'' code is used without either filtering or dissipation, it conserves the invariant Casimirs very accurately until it eventually breaks due to the onset of a numerical instability when sufficiently strong gradients are formed, as discussed in Ref. 33 .
Actually, in order to understand the role of the conserved topological invariants in Eq. ͑7͒, it is of interest to extend the simulation of the electron plasma dynamics with Eulerian codes for longer integration times. The importance of accounting for all conserved quantities, besides energy, momenta, and enstrophy has been stressed, e.g., in the case of a statistical mechanics analysis, in Ref. 26 . This extension is presently possible with our code for phenomena that develop fully on characteristic time scales as long as several ͑say a few dozen͒ plasma rotation times. By using an appropriate filtering at small scales we are able to ensure a very accurate conservation of the plasma energy and canonical angular momentum, and of the invariant Casimirs over such integration times. This has been achieved without introducing artificial ''viscosity'' terms ͑which modify the large scale structures significantly͒ or hyperviscosity terms ͑which impose too severe a restriction on the time step required in order to achieve numerical stability͒. At each time we filter the density function both in the radial and in the azimuthal direction. The filter function is obtained numerically by using a pentadiagonal compact finite difference scheme discussed in Ref. 34 with a formal sixth order truncation error that is reduced to fourth order formal accuracy at the boundaries in the radial direction. This filter cuts the amplitude of the wave numbers greater than a characteristic critical value k crit exponentially, while leaving the wave numbers smaller than k crit completely unaffected. As a consequence the large scales of the system are not altered even after long integration times. In the numerical simulations reported in the following sections we have used 100 radial grid points, and 400 azimuthal points. The filter parameter k crit has been chosen in the range k crit ϳ3k max /4-k max with k max the maximum number of modes ͑in each direction͒.
IV. NUMERICAL RESULTS FOR AN EXTENDED CLUMP
We consider the background azimuthally symmetric normalized density distribution n e (r)ϭexp(Ϫr 2 ) shown in Fig.  1 ͑solid line͒ with a superimposed circular density clump with typical radius Ϸ0.1. The initial radial density profile through the clump maximum is represented in Fig. 1 by the dotted-dashed line. The initial conditions of the system are shown in Fig. 2 by the shaded contours of the total density. Note that the central density of the background distribution is chosen as the characteristic density in the time normalization, i.e., time is normalized on 1/2 r (0), where r (0) is the central rotation frequency. For the chosen background configuration, the average rotation frequency is ͗ r ͘Ϸ0.42.
In the initial phase, the clump is strongly stretched in the direction of the background vorticity lines, as shown in Fig.  3 at tϭ4, and then moves towards the plasma center. The initial stretching of the clump is a consequence of the dipolar structure of the radial velocity in the clump region shown in Fig. 4 at tϭ4. As the clump propagates, it carries lower density plasma inward with itself, mainly on its downwind side with respect to the background plasma rotation ͑on this side the motions due to the background and to the clump rotation add up so as to pull in matter from the outer regions͒. This inward propagation of higher and lower density plasma is shown very evidently in Fig. 5 at tϭ22 . The resulting overall vorticity pattern is similar to the one shown in Fig. 1 of Ref. 19 which is obtained with a VIC simulation.
As the clump propagates inward, it cuts a spiral groove in the background density, as discussed in the introduction. This groove is caused by the vorticity conservation that forbids the clump from crossing vorticity lines. These are thus advected inward as shown in the ,r plane in Fig. 6 at t ϭ35. The groove is shown by the shaded surface of the density in Fig. 7 . The maximum density depletion in the groove with respect to the local mean density is Ӎ0. 35 . The stretching of the groove due to the background differential rotation brings vorticity lines with opposite sign of the vorticity gradient close together. This causes localized vorticity reconnection which occurs on a typical scale length comparable to the numerical grid scale where the filter violates the conservation laws. The reconnection process is already visible in Fig. 6 at rϳ0.55 and ϳ4 rad, and is responsible for the closing of the density lines near the head of the groove. As a consequence, the front part of the low density region becomes disconnected from the outer plasma region and forms an ''opposite polarity'' vortex on the side of the clump ͑i.e., a density hole, the vortex sign is conventionally defined here with respect to the local average vorticity value͒, which is seen in Fig. 8 at tϭ48 . The resulting asymmetric ''dipoletype'' vorticity structure is shown in Fig. 9 at tϭ68 ͑again, the ''polarities'' of this dipole are relative to the local average density͒. Its positive polarity corresponds to the clump ͑higher density region͒ and its negative polarity to the, now disconnected, lower density region. This dipolar structure is aligned along the background vorticity lines, has no appreciable radial propagation and is long lived. It is still clearly seen in Fig. 10 at tϭ102 . Further on all these structures tend to fade in the simulation and the plasma density becomes again centrally peaked and nearly axisymmetric as shown in Fig. 11 at tϭ196. The conservation of the plasma energy is within 4 ϫ10 Ϫ4 and that of the canonical angular momentum is within 10 Ϫ5 , while the conservation of the six invariant Casimirs C n ϵ͐r dr d n e j , jϭ1, . . . ,6, normalized to their initial values, is shown in Fig. 12 together with the conservation of the maximum value of the density ͑corresponding to the maximum of the clump vortex in this simulation͒ which can be interpreted as C ϱ . We see that the conservation of the enstrophy is within 1% over an integration time that corresponds approximately to 13 average rotation periods 2/͗ r ͘. In addition the conservation of the higher Casimirs remains good, as shown by C 6 and even by C ϱ which is the most affected. The behavior of C ϱ is indicative of the fading of the density structures at long integration times mentioned above. The conservation of the Casimirs proves that our integration scheme is indeed capable of finding an acceptable compromise between numerical stability and good conservations.
A feature that is worth noting is that most of the violation of the Casimir conservation occurs around tϭ30-40, i.e., when the vorticity lines with opposite vorticity gradient at the sides of the groove reconnect. At later times the value of the Casimirs C 1 ,..,C 6 is almost constant. This agrees with the picture of the clump evolution given above and indicates that the behavior of a finite set of Casimir invariants can be used to identify the time interval where a spatially localized vorticity reconnection phase occurs.
V. INTERACTION OF EXTENDED CLUMPS
When more than one clump is present, the mutual interaction of the clumps becomes important as the distance between them decreases while they propagate inward. In the experimental configuration studied in Ref. 21 , the concentration of the vortices in an increasingly smaller domain has been interpreted as the cause of the faster vortex merging that is observed when the vortices are initiated in a vorticity background, as compared to the case where they are initiated in vacuum.
We have simulated a number of different cases where two or three clumps are initially present in the plasma. Both initially symmetrical and nonsymmetrical configurations have been considered. The figures below refer to the case of three asymmetric clumps. The initial conditions and stretching of the vortices are illustrated in Figs. 13-16 , in the same order as for the single vortex case.
The initial phase of the propagation of the vortices exhibits the same inward motion and stretching of the clumps observed in the case of a single vortex. Again regions of lower density are carried inward together with the clumps and grooves are cut in the background density distribution as shown for three asymmetric clumps in Fig. 17 at tϭ22 . Vorticity reconnection occurs when the sides of the grooves are brought together by stretching, see Fig. 18 at tϭ36, and start   FIG. 11 . The same as in Fig. 8, at tϭ196.   FIG. 12 . Time evolution of the Casimirs C n and of the maximum value of the density (C ϱ ), for the case of a single clump. to form the dipolar vortex structures, see Fig. 19 at tϭ48, leading eventually to separated positive and negative vortices, shown at tϭ70 in Fig. 20 .
In comparison with the single clump case, these dipolar structures are shorter lived, due to their mutual interaction and the negative polarity regions tend to separate from the positive ones. At later times the low density regions evolve into separate long-lived holes that rotate on the larger orbits and move outwards descending the background vorticity gradient, as shown in Figs. 21 and 22 at tϭ112 and 164, respectively, until they reach a density plateau where no net angular momentum is exchanged between the holes and the background. A similar outward motion has been described in Ref. 20 for a single hole point vortex. On the other hand, the high density regions ͑the initial clumps͒ still moving towards the center are brought close together and eventually coalesce, consistent with the fact that like-signed vortices attract. 35 The conservation of the plasma energy and canonical angular momentum is within 8ϫ10 Ϫ4 and 10 Ϫ4 , respectively, while the conservation of the invariant Casimirs is shown in Fig. 23 . The conservations are almost as good as in the case of the single vortex and again most of the violation of the Casimir conservation occurs when the vorticity lines at the sides of the grooves reconnect. As in the previous case, the reconnection phase occurring between tϭ30 and tϭ50 is very well seen by the sudden variation of all the Casimirs. The oscillations on the long time evolution of C ϱ are related to the presence of more than one local density maximum.
VI. CONCLUSIONS
In this paper we have studied the propagation of extended clump vortices in an inhomogeneous axisymmetric pure electron plasma in a Penning-Malmberg trap. We have analyzed the nonlinear evolution of the clumps and of the background plasma with a newly developed Eulerian numerical simulation code that maintains a good bookkeeping of the topological conservations.
We have shown that the clump inward propagation against the background vorticity gradient is accompanied by an inward motion of lower density regions. Small scales are formed and localized vorticity line reconnection gives rise to dipole-type configurations that can evolve into long lived structures, as described in Secs. IV and V. In addition we have shown that the occurrence of these reconnection events can also be seen in the behavior of the topological invariants ͑Casimirs͒.
The main question that remains open in these results is the physical role of the effects that are responsible for reconnection in the code, i.e., the finite spatial resolution and the effect of the filtering. Indeed the vorticity reconnection introduced in the code occurs at scales larger than those justified by physical effects, such as those discussed in Refs. 14-17. A refinement of the grid parameters shows that the behavior of the Casimirs remains essentially the same, aside for a shift in time, and that the reconnection event is simply displaced at longer times and shorter spatial widths.
We conclude by pointing out the relationship of the present work to turbulence studies. Vortex merger and the interaction of a vortex with a vorticity background are basic processes in 2D decaying turbulence. The usual scenario obtained from extensive numerical simulations ͑see, e.g., Ref.
36͒ envisages the formation of coherent vortices that dominate the large scale flow, and vorticity sheets that dominate the small scale flow. The transfer of enstrophy to small scales depends on the local balance between strain and vorticity, and can be qualitatively understood starting from the analysis of the Gaussian curvature field of the stream function. 37 Quantitative estimates, which affect the long time evolution of the system, exhibit a sensitive dependence on the characteristics of the numerical scheme, used to describe FIG. 21 . The same as in Fig. 17, at tϭ112.   FIG. 22 . The same as in Fig. 17, at tϭ164.   FIG. 23 . Time evolution of the Casimirs C n and of the maximum value of the density (C ϱ ), for the case of three clumps.
vortex interaction ͑see, e.g., Ref. 38͒. Thus, turbulence studies may constitute a future application of the present code, which was designed to maintain the conservation of the invariant integrals of the motion.
